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Abstract. To achieve uniform curing of resin, internal heating with the addition of carbon nanotubes (CNTs) has attracted
considerable attention. Numerical simulations of the residual stress in CNT-filled resins cured by an electric field were carried out in the present study, taking into account the CNT dispersion within the resins. The simulations were based on an
unsteady-heat-transfer equation and the cure reaction; the residual stress due to the thermal expansion and cure shrinkage
was calculated using a finite element method. In addition, microscope images of actual CNT-filled resins were used for
modeling the inhomogeneous electrical conductivity due to CNT aggregates. The simulation results show that, compared to
external heating, Joule heating, or resistive heating, in which a conductive material itself generates heat from the passage of
an electric current, enables more uniform curing and generally suppresses the residual stress. However, high local residual
stress was observed around the high-electrical conductivity region in the model with inhomogeneous electrical conductivity. The present results thus highlight the need to take into account the inhomogeneity of CNT-filled resins for accurate
evaluation of the residual stress.
Keywords: polymer composites, nanocomposites, mechanical properties, modeling and simulation, carbon nanotubes

1. Introduction

nal heating leads to improved mechanical properties [4–7], adhesive bonding [8], and heating efficiency, as well as shorter curing cycles [9–11].
It is possible to increase the amount of heat generated by internal heating, such as microwave or Joule
heating, by adding conductive fillers like carbon
nanotubes (CNTs) [12–14] or carbon black [15] to the
uncured thermosetting resin. At the same time, the
inclusion of nanofillers leads to superior mechanical,
conductive [16–18], and dielectric [19] properties
compared with neat resins [20–23]. However, conventional microwave-heating equipment is very
expensive, especially for curing large-scale structures, thus offsetting the advantages of improved
energy efficiency. In addition, because the composite structures need to be enclosed within the conventional microwave-heating equipment, the struc-

External heating, such as that in the autoclave curing of thermosetting composites, may induce inhomogeneities in the temperature distribution or in the
progression of curing because the temperature of
the material’s surface is raised by convective heat
transfer from the atmosphere. The inhomogeneity of
the curing process is especially evident in complex
or thick composite structures, where residual stress
and strain are induced, and the inhomogeneity may
eventually initiate defects such as matrix cracks and
deterioration of properties [1–3]. In order to achieve
more uniform curing of the thermosetting resin,
internal heating via an electric field has attracted considerable attention because it allows the material to
be heated from the inside. Compared with conventional external heating, it has been reported that inter*
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tures must be smaller than the equipment’s heating
chamber. The expensive production costs and the
limit on the size of molded composites represent
serious problems for the application of the composites in consumer products such as automobiles. This
highlights the need to develop new methods for uniform heating and curing that do not require expensive tools and accessories.
To meet this demand, we had developed in earlier
studies a microwave curing method using thin-filmtype electrode arrays and CNTs added to the epoxy
resin, as shown in Figure 1a [24–27]. The method
yields a heating efficiency as high as 70% and a drastic increase in the amount of heat generated when
the added CNT content reaches the percolation
threshold [28]. However, in microwave-based curing processes, because an inhomogeneous electrical
conductivity (such as in the presence of CNT aggregates) may induce localized heat generation (Figure 1b) [28–31], it is clear that the distribution of
CNTs must be taken into account for an accurate
evaluation of the residual stress. Whereas numerical
simulations can be used to assess the effect of an
inhomogeneous CNT distribution on residual stress,
simulations of this kind have yet to be conducted.

Therefore, in the present study, we performed numerical simulations to investigate how an inhomogeneous CNT distribution affects CNT-filled thermosetting resins cured via an electric field. The inhomogeneous electrical conductivity was modeled using the
microscope images of actual CNT aggregates, and the
simulations were based on the analysis of unsteady
heat transfer, including Joule heating and heat generated by the curing reaction. The residual stress due to
the thermal expansion and cure shrinkage was calculated using the finite element method based on linear
viscoelastic models. We compared the residual stress
induced by internal (electric field) and external (heat
flux) heating. Finally, we compared homogeneous
and inhomogeneous conductivity models to investigate the effect of the conductivity distribution of a
CNT-filled resin on the residual stress.

2. Materials and methods
2.1. Inhomogeneous conductivity and heat
transfer models

2.1.1. Inhomogeneous conductivity model of
CNT-filled resin
Because it is difficult to attain uniform dispersion
without the formation of CNT aggregates, the CNT

Figure 1. Microwave curing using thin-film-type electrode arrays and CNTs added to the epoxy resin. (a) Schematic of
multifunctional interdigital electrode array (MIEA) film and cross-sectional view of interdigital electrode with
CNT-filled resin. (b) Localized heat generation inside an interdigital electrode with CNT-filled resin.
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distribution should be taken into account when
modeling the electrical conductivity. In order to
model the electrical conductivity of the CNT-filled
resin, we used optical microscope images of 0.05–
1.0 wt% CNT-filled resins (Figure 2a). For preparation of CNT-filled resin, the CNTs (VGCF-X, Showa
Denko, 3 µm in length, and 15 nm in diameter) were
dried in an oven at 100 °C for 1 h, after which they
were mixed with unsaturated polyester (PC-184-C,
Sundhoma) in a planetary kneader machine (NBK-1,
Nissei) at 1700 rpm for 3 min. The sample mixtures
were thereafter treated in an ultrasonic bath sonicator (US-2K, AS ONE) for 2 h, with further mixing
of 3 min in the kneader machine every 30 min. The
image of each CNT–filled resin was binarized (i.e.,
converted into a black and white image), and the
CNT area ratio VCNT was calculated by assuming
that the CNTs are displayed as dark areas in the
images. By using the electrical conductivity measured for each CNT weight percentage shown in Figure 3a [32], we obtained the relationship between
the microscopic electrical conductivity and CNT
area ratio VCNT, shown in Figure 3b. In order to model
the electrical conductivity distribution of a macroscopic region, the corresponding CNT distribution
image was obtained and binarized; examples of the

model and binarized image of the 0.2 wt% CNTfilled resin are shown in Figure 2b and 2c. The binarized image was discretized into small regions, whose
corresponding VCNT was calculated (Figure 2d); the
electrical conductivity of each microscopic region
was then allocated (Figure 2e) based on the relationship between VCNT and the electrical conductivity
revealed in Figure 3b. The size of the microscopic
region was determined to match the mesh size of
the numerical analysis, which is 0.1 mm!0.1 mm in
the present study. It should be noted that the depiction in Figure 2d was generated by interpolating the
0.1 mm!0.1 mm mesh value in Figure 2c. Figure 2e
was also generated by interpolating the measured
values in Figure 3b. The validity of this approach
was confirmed by the agreement between the macroscopic electrical conductivity obtained from the
inhomogeneous conductivity model and the conductivity measured for the resin with the same
added CNT content.
2.1.2. Unsteady-heat-transfer equation
The unsteady-heat-transfer equation for the heat generated by the resin cure reaction and by Joule heating under an electric field is given by Equation (1):

Figure 2. Modeling of inhomogeneous electrical conductivity of CNT-filled resins. (a) Microscope image of CNT-filled
resins with various CNT concentrations [wt%] and binarized image of 0.2 wt% CNT-filled resin. (b) Analytical
model of 0.2 wt% CNT-filled resin. (c) Binarized image of (b). (d) Distribution of CNT area ratio (VCNT).
(e) Distribution of electrical conductivity (!e).

17

Matsuzaki and Hatori – eXPRESS Polymer Letters Vol.10, No.1 (2016) 15–24

Figure 3. CNT content, electric conductivity !e, and CNT area ratio VCNT of CNT-filled resins. (a) Relationship between
electrical conductivity and CNT content [32]. (b) Relationship between electrical conductivity and VCNT.
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where T is the temperature, " is the density, c is the
·
specific heat, Qj is the heat generation rate per unit
·
volume due to Joule heating, and Qc is the heat generation rate per unit weight due to the curing reaction; kxx and kyy are the coefficients of thermal conductivity in the x and y direction, respectively.
·
The heat generation rate due to Joule heating Qj
under an electric field E is given by Equation (2):
·
Qj = J·E = (!eE)·E = !e||dV||
(2)

where V0 is the initial volume, the first term of the
right-hand side represents the contribution of bulk
thermal expansion and contraction, and the second
term is the volumetric strain change due to the cure
shrinkage. These two terms are given by Equations (5) and (6):
1 dV
dT
a
b
55bgel 1T 2 112a2 1bcured 1T 2 a6
V0 dt thermal
dt
(5)

where J is the electric current density, !e is the electrical conductivity, and V is the applied voltage. The
·
heat generation rate due to the cure reaction Qc is
given by the following Equation (3), using a cure
reaction model for unsaturated polyester resins
[33]:
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where $gel and $cured are the coefficients of thermal
expansion of the uncured and fully cured resin,
respectively, and %chem is the total polymerization
shrinkage. The coefficients $gel and $cured are functions of the temperature T and are given by Equation (7):
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(3)
where # is the degree of cure, k1 is the reaction rate
constant, Ea is the activation energy, R is the gas
constant, m and n are reaction orders, and Hr is the
total heat of reaction.

$gel = e1T + f1; $cured = e2T + f2

(7)

where e1, f1, e2, and f2 are material-dependent
parameters.

2.2. Analysis of residual stress and strain
2.2.1. Strain induced by thermal expansion and
cure shrinkage
The rate of change in volumetric strain of the resin
induced by thermal expansion and cure shrinkage is
given by Equation (4) [34]:

2.2.2. Viscoelastic model taking into account
temperature and degree of cure
To model the material behavior when changing from
a liquid to a solid state during the curing process,
the mechanical behavior of the polymer resins is
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where ! is the total strain vector, u is the displacement vector, b is the body force vector per unit volume, t is the surface force vector per unit area, and
S is the mechanical boundary [m2].
Let us consider the unknown state at the time t =
t + %t, where the state at the time t is known. Equation (13) can then be linearized as shown by Equation (14):

expressed by the following linear viscoelastic constitutive Equation (8):
t

# E1j1t 2 2 j91t 2 2 dt dt

s1t2
s1t 2 5

de

(8)

0

where ! is the relaxation stress, E is the relaxation
modulus, and & is the strain. ' and '" are reduced
time variables that depend on temperature and the
degree of cure (see also Equation (12)). For the relaxation modulus, we used the following generalized
Maxwell model (Equation (9)) that takes into account
the temperature and degree of cure [35]:
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where E# is the fully relaxed modulus, Eu is the
unrelaxed modulus, Wi is the weight factor for the
ith element, and (i is the discrete stress relaxation
time of each element. (i depends on the degree of cure
and is expressed by Equations (10) and (11):

where the subscripts t and t" for V and S represent
the system states at times t and t", respectively. The
total strain rate vector !· is composed of the residual
strain rate vector !·res and the initial strain rate vector
!·0, which can be expressed in terms of the volumetric strain change (see Equation (15)):
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Using the total nodal displacement vector %d and B
when the body and surface forces are zero, Equation (17) can be rewritten as shown by Equation (18):

2.2.3. Residual stress analysis using finite
element method
The residual stress is calculated using the finite element method on the basis of the principle of virtual
work (see Equation (13)):
T

0

T

Vt

where aT is the shift factor, Tref (= 30 °C) is the reference temperature, and a1and a2 are materialdependent parameters.

# ($!) "

res

where d· e represents the nodal displacement vector
in an element. Here, D is composed of the relaxation modulus E and Poisson’s ratio ). It should be
noted that the Poisson’s ratio is constant and does
not depend on the degree of cure [2]. By substituting Equation (16) into Equation (14), the following
Equation (17) can be obtained:

T
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"· res is given as follows, using the stress–strain and
strain–displacement matrices D and B, respectively,
as described by Equation (16):
(16)
"· = D!· = D(!· – !· ) = D(Bd· – !· )

(10)

where #ref is the reference degree of cure (= 0.98),
and (p is the maximum stress relaxation time at the
reference degree of cure. The reduced times are
given by Equation (12):
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Table 1. Values of applied voltage and heat flux for heating
the CNT-filled resin from the bottom of the model

By solving the system of linear equations in Equation (18), we can obtain the total nodal displacement vector %d; thereby, the residual stress "· res can
be calculated from Equation (16).

Heat flux q [J/(m2·s)]
Applied voltage (homogeneous model) [V]
Applied voltage (inhomogeneous model) [V]

2.3. Simulation of residual stress
2.3.1. Analytical conditions
We investigated the effect of the curing process on
the residual stress by modeling the interdigital electrodes, as shown in Figure 4a. We compared models
of external heating by heat flux and internal heating
by an electric field, schematically illustrated in Figures 4b and 4c, respectively. In the models, the heat
transfer coefficient h between the resin at the top of
the model and the atmosphere was 10 W/(m2·K),
and the initial temperatures of the resin (T 0) and
atmosphere (Tw) was 25 °C. The electrical conductivity distribution of the 0.2 wt% CNT-loaded resin
shown in Figure 2e was used for the inhomogeneous electrical conductivity model, while a constant
electric conductivity !e = 10–3 S/m was employed
in the homogeneous model, corresponding to the
average electrical conductivity of the 0.2 wt% CNTloaded resin. The applied voltage V was set to a
value such that the minimum degree of cure in the
model reached 0.95 after 1600 s from the start of
the analysis. The applied voltages and heat flux values for heating the CNT-filled resin are summarized
in Table 1. The residual stress was analyzed by the
finite element method using four-node quadrilateral
elements, assuming a plane-strain state. To establish
the boundary conditions, the y directional displacement was constrained to the bottom line; an x directional displacement constraint was also added at the
middle point of the bottom line to keep the model
fixed. The material properties are shown in Tables 2
and 3 [33–36]. In addition, we investigated more
rapid and uniform curing cases: the interdigital elec-

753.2
72.1
42.8

Table 2. Material properties and parameters of cure kinetics
and volumetric change for the thermosetting resin
(Equations (1)–(7)) [33, 34, 36]
[kg/m3]
[W/(m·K)]
[J/(mol·kg)]
[1/K]
[J/mol]

"
K
c
k1
Ea
m
n
R
Hr
e1
e2
f1
f2
%chem

1094.9
0.14
1630
6.167·1020
1.674·105
0.524
1.476
8.314
7.750·104
9.167·10–7
9.167·10–3
2.425·105
5.250·10–5
0.07

[J/(mol·K)]
[J/kg]
[J/(mol·K)]
[J/(mol·K)]
[J/kg]
[J/kg]

Table 3. Constants of the viscoelastic model for #ref = 0.98
(Equations (8)–(12)) [35]

1
2
3
4
5
6
7
8
9

!i
[min]
2.92·101
2.92·103
1.82·105
1.10·107
2.83·108
7.94·109 ((p)
1.95·1011
3.32·1012
4.92·1014

E# [GPa]
Eu [GPa]
a1 [1/K]
a2 [1/K]

0.031
0.32
1.4
0.0712

i

Wi
0.059
0.066
0.083
0.112
0.154
0.262
0.184
0.049
0.025

Figure 4. Analytical models and applied voltage conditions using electrodes and heat flux for heating the CNT-filled resins
for single-sided heating. (a) Schematic cross-sectional view of the analytical model by (b) heat flux and (c) electric field using electrodes.
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Figure 5. Analytical models and applied voltage conditions using electrodes and heat flux for heating the CNT-filled resins
for double-sided heating. (a) Cross-sectional view of analytical model by (b) heat flux and (c) electric field using
electrodes. (d) Inhomogeneous electrical conductivity 'e for the double-sided heating model.
Table 4. Values of applied voltage and heat flux for heating
the CNT-filled resin from both sides
Heat flux q [J/(m2·s)]
Applied voltage (homogeneous model) [V]
Applied voltage (inhomogeneous model) [V]

561.7
53.1
17.1

trode films were placed on the upper and lower surfaces of the mold, and the electric field was applied
to the CNT-filled resin between the mold plates, as
shown in Figure 5a. Figure 5b and 5c show schemes
of heat-flux and electric-field heating, respectively;
the heat flux and electric field parameters are summarized in Table 4. Homogeneous (!e = 10–3 S/m)
and inhomogeneous models (Figure 5d) of the electrical conductivity of the CNT-filled resin were also
obtained.

3. Results and discussion

Figure 6 shows the distributions of residual stress in
the x and y directions after 3600 s of heating by heat
flux and an electric field in both homogeneous and
inhomogeneous models. The results show that the
residual stress is suppressed in the case of electricfield heating, compared with the case of heat-flux
heating. The different residual stress distributions
are attributed to the non-uniform curing process

Figure 6. Cross-sectional contour plots of residual stresses
!x and 'y of CNT-filled resin heated from the bottom of the mold. After 3600 s of heating by heat
flux and electric field.

along the thickness direction. Figure 7 shows the
difference between the maximum and minimum
degree of cure (#y = 0 –&#y = 4) at x = 1.0 mm. Around
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Figure 8 shows the residual stress in the case of
double-sided heating. Similar to the case of onesided heating, the electric-field heating generally
suppresses residual stress compared with the heatflux model. However, very high local residual stress
is present in the lower right region of the inhomogeneous model, even compared with the heat-flux
model. This is due to the very high electrical conductivity in the lower right part of the inhomogeneous model, as shown in Figure 5d, and to the large
amount of heat generated in the high-electrical-conductivity region.

Figure 7. Difference between maximum and minimum
degree of cure (#max and #min) at x = 1.0 mm of
CNT-filled resin heated from the bottom of the
mold

4. Conclusions

In the present study, numerical simulations were
performed to evaluate the residual stress of CNTfilled resins cured under an electric field, taking
into account the distribution of CNTs in the resins.
The simulations were set up using the linear viscoelastic model and the unsteady-heat-transfer equation for the heat generated by Joule heating and the
cure reaction. In addition, microscope images of
actual CNT-filled resins were used to model the inhomogeneous electric conductivity due to CNT aggregates. The simulation results show that compared
with external heating using heat flux, even though
the electric field generally suppresses the residual
stress, the inhomogeneous electrical conductivity due
to the CNT aggregates may induce very high local
residual stress. Therefore, in order to accurately determine the residual stress of CNT-filled resins, it is
necessary to take into consideration the inhomogeneity of the electrical conductivity.

1000–1600 s, the difference in the degree of cure for
electric-field heating (homogeneous and inhomogeneous) case is smaller than the difference observed
for heat-flux heating. This happens because upon
application of the electric field, the Joule heating
generates heat inside the model; thus, heating and curing can progress uniformly along the thickness direction. In the present analytical model, residual stress
occurs because the part that is already cured constrains the cure shrinkage of the portion whose curing is still in progress. Therefore, the uniform curing progress achieved by applying the electric field
successfully prevents the development of residual
stress. Compared to the homogeneous-electricalconductivity model, a higher local residual stress
can be seen in the lower right region of the inhomogeneous model.

Figure 8. Cross-sectional contour plots of residual stresses !x and !y for CNT-filled resin heated from both sides of the mold
after 3600 s of heating by heat flux and electric field
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